This paper constructs a two-country stochastic growth model in which neutral and investment-specific technology shocks are nonstationary but cointegrated across economies. It uses this model to interpret data showing that while real investment has grown faster than real consumption in the United States since 1970, the opposite has been true in the Euro Area. The model, when estimated with these data, reveals that the EA missed out on the rapid investment-specific technological change enjoyed in the US during the 1990s; the EA, however, experienced faster neutral technological progress while the US economy stagnated during the 1970s.
Introduction
For more than two centuries, the United States and Europe have been linked economically, through international trade in goods and services and by two-way flows of technical and scientific knowledge. Now, following European monetary unification, the US and Euro Area stand as two of the world's largest economies, roughly equal in both population and productive capacity. Still, even over periods as long as decades, key aggregate variables can behave quite differently across the US and EA. Figure 1 , for instance, plots the behavior of real consumption and investment in the US (these data and all others used below are described in detail in appendix A). The picture serves to highlight one of the major macroeconomic events of the postwar period: the growth in US investment that has far outstripped growth in consumption, especially since 1990. Greenwood, Hercowitz, and Krusell (1997) interpret this aspect of the US data as part of a larger body of evidence pointing to the importance of investment-specific, or capitalembodied, technological progress, thereby offering up an alternative explanation for the long-run growth of the US economy that contrasts with the traditional view, going back to Solow (1957) , that emphasizes neutral, or disembodied, technological change instead. Likewise, Fisher (2006) argues that investment-specific technology shocks are more important in accounting for fluctuations in US output and employment than the neutral technology shocks that appear in standard real business cycle models beginning with Kydland and Prescott's (1982) .
But, as figure 2 reveals, the same rapid growth in investment simply fails to appear in data from the EA. To an extent, some of this difference may be due to errors in measurement, since the US National Income and Product Accounts are generally believed to do a better job than the Euro Area statistics aggregated by Fagan, Henry, and Mestre (2005) at accounting for quality change in capital goods. However, Sakellaris and Vijselaar (2005) present the results of detailed calculations to suggest that when similar adjustments for quality improvements are made to data from both economies, the differences not only remain, but may in fact those productivity trends for other key macroeconomic variables. For example, the estimated model is also used below examine the effects that, according to the underlying theory, the same movements in productivity ought to have had on the dollar-euro real exchange rate.
These additional results allow the analysis here to link up to other recent work, cited and discussed below, that attempts to explain the behavior of real exchange rates using calibrated or estimated DSGE models. But, first, the next section presents the model itself.
A Two-Country Stochastic Growth Model

Overview
The basic elements of this two-country model are drawn from Backus, Kehoe, and Kydland's (1994) framework, modified by replacing their assumption of complete international financial markets with Heathcote and Perri's (2002) alternative assumption that only a single, noncontingent bond gets traded across economies. In addition, investment-specific technology shocks get introduced as in recent work by Raffo (2009) , and both neutral and investmentspecific technology shocks are assumed to be nonstationary and cointegrated across countries, borrowing a key element from Rabanal, Rubio-Ramirez, and Tuesta's (2009) specification.
These various modifications and extensions turn Backus, Kehoe, and Kydland's international real business cycle model into what might more accurately be described as a two-country stochastic growth model that can account for the extended departures from balanced growth shown in figures 1 and 2 while, at the same time, also admits that flows of scientific and technological knowledge ought, in the very long run at least, to equalize the levels of productivity across the US and EA.
In all that follows, home (US) and foreign (EA) variables are denoted with H and F superscripts, time periods with t = 0, 1, 2, ... subscripts. Each economy has a representative consumer, a representative intermediate goods-producing firm, a representative final goodsproducing firm, and a government, whose activities will now be described in turn.
Consumers
The representative home consumer has preferences described by the expected utility function
where C H t denotes consumption, L H t denotes hours worked, the discount factor β lies between zero and one, and the risk aversion parameter γ is strictly positive. The preference shock µ H t impacts on the marginal rate of substitution between consumption and leisure and enters into preferences in a way that associates positive innovations with increases in equilibrium employment. Here, as in Ireland and Schuh (2008) , these preference shocks are introduced to compete with the technology shocks as sources of fluctuations in output and employment.
For now, all prices in both countries will be expressed in terms of a common, abstract unit of account. Accordingly, let W 
As discussed by Schmitt-Grohe and Uribe (2003) for the case of a small open economy, the second-to-last term on the right-hand side of (2) introduces arbitrarily small costs of bond holding and issuance, measured in units of the consumption good, that guarantee that a suitably-transformed set of conditions describing the model's equilibrium has a stationary solution. The last term introduces adjustment costs for hours worked, following Ireland and Schuh (2008) , that can potentially slow down and smooth out the response of home employment to both domestic and foreign disturbances. As in Rabanal, Rubio-Ramirez, and Tuesta (2009) , both adjustment cost terms must be scaled by factors depending on the home neutral technology shock Z H t , the home investment-specific technology shock V H t , and the parameter α introduced below to measure capital's share in production so that the costs do not vanish asymptotically in this model with stochastic long-run growth. The bond adjustment cost parameter φ d must be strictly positive for the model to have a unique steady-state growth path, the labor adjustment cost parameter φ l is nonnegative, and the form of the both adjustment cost specifications is such that the level of these costs is zero along the steady-state growth path.
By purchasing I H t units of the domestic investment good during period t, the consumer increases the stock of physical capital available in the home country between t and t + 1 according to
where the parameter δ measuring the depreciation rate lies between zero and one. The last term on the left-hand side of (3) introduces capital adjustment costs, again following Ireland and Schuh (2008) , that potentially slow down and smooth out the response of home investment to both domestic and foreign shocks. The capital adjustment cost parameter φ k is nonnegative, and a value for the positive parameter η H will be set later on to equal the constant ratio of investment to capital in the home country along the steady-state growth path, so that the level of these costs again equals zero along that path.
Hence, the representative home consumer chooses C Symmetrically, the representative foreign consumer chooses C for all t = 0, 1, 2, ... to maximize the expected utility function
subject to the budget constraint
where the costs of bond holdings and the labor adjustment costs are measured in units of the foreign consumption good and scaled by the foreign neutral and investment-specific technology shocks Z 
where the value of the positive parameter η F will be set later on to equal the constant ratio of investment to capital in the foreign country along the steady-state growth path, so that once again the level of the capital adjustment costs equals zero along that path. The first-order conditions for this problem are also reported in part 1 of appendix B.
Intermediate Goods-Producing Firms
The 
where the share parameter α lies between zero and one and, as noted above, Z 
subject to the technological constraint (7).
Symmetrically, the representative foreign intermediate goods-producing firm uses K 
where Z F t denotes the neutral technology shock experienced in the foreign country. The firm sells its output in both countries at the common price P B t ; during each period t = 0, 1, 2, ...,
, and L F t in order to maximize profits
subject to the constraint in (9). The first-order conditions for both of these problems are shown in part 2 of appendix B.
The representative domestic final goods-producing firm uses A
subject to the technological constraint (11). An examination of (11) and (12) reveals that
must hold in any equilibrium in which both consumption and investment goods get produced in the home country, confirming that Greenwood, Hercowitz, and Krusell's (1997) 
where V F t is the foreign investment-specific technology shock. The firm seeks to maximize its profits,
so that again, symmetrically to the domestic case,
must hold in any equilibrium in which both consumption and investment goods get produced in the foreign country. The first-order conditions for both final goods-producing firms' problems are displayed in part 3 of appendix B.
Governments
Both governments run balanced budgets, according to which lump-sum taxes raised from consumers are used to finance purchases of the local consumption good; hence
and
for all t = 0, 1, 2, .... The introduction of stochastic government spending, as described in more detail below, provides an additional source of fluctuations in output and employment beyond the two types of technology shocks. It also allows the model to have implications for all four terms on the right-hand side of each economy's national income accounting identity:
consumption, investment, government spending, and net exports.
Trade Variables and Equilibrium Conditions
Net exports for the home country, valued in units of the domestic consumption good, are
Symmetrically, net exports for the foreign country, valued in units of the foreign consumption good, are
The real exchange rate is given by
and the terms of trade are
Keeping in mind that the two intermediate goods are traded internationally and that the bond holding, labor, and capital adjustment costs and government purchases are all measured in units of the local consumption goods, the model's market clearing conditions are
for all t = 0, 1, 2, ....
Exogenous Shocks
In addition, the model's equilibrium conditions include laws of motion for the eight exogenous disturbances: the preference shock, the neutral technology shock, and investment-specific technology shock, and the government spending shock in each of the two countries.
The preference shock in each country is assumed to follow a stationary autoregressive process, so that
and ln(µ
for all t = 0, 1, 2, ..., where the positive parameters µ H and µ F determine the steady-state values of the shocks, the persistence parameters ρ H µ and ρ Following Rabanal, Rubio-Ramirez, and Tuesta (2009) , the neutral and investmentspecific technology shocks are assumed to be nonstationary but cointegrated, so that
for all t = 0, 1, 2, .... In (32) Since this specification allows for serial correlation in the growth rates of both countryspecific technology shocks, it can account for the highly persistent differences in real consumption and investment growth both within and across economies displayed for the US and EA in figures 1 and 2. The assumption, implicit in (32)- (35) , that the neutral and investment-specific shocks are cointegrated and have the same long-run average growth rates across countries, on the other hand, implies that over very long periods of time, productivity levels and growth rates converge across countries; these restrictions get enforced when at least one of the error-correction parameters κ so that there is a nonzero average growth rate in the investment-specific technology shock, a common, downward trend in the price of investment appears in both countries and real investment will tend to grow at a faster rate than real consumption in both countries over long periods of time; again, these dynamics generalize those studied in a closed economy setting by Greenwood, Hercowitz, and Krusell (1997) .
So that the levels of government spending in the two economies grow as those economies experience stochastic long-run growth, it is assumed that fiscal policies give rise to random
; the government spending variables therefore get scaled by the same technological factors that prevent the various adjustment cost terms from vanishing asymptotically along the steady-state growth path. In particular, these scaled government spending variables are assumed to follow the stationary autoregressive processes
and ln(g
for all t = 0, 1, 2, ..., where the positive parameters g H and g F pin down, for instance, the average ratios of government spending to private consumption in the two economies, the persistence parameters ρ 
Equilibrium System
Part 4 of appendix B collects equations describing private agents' optimizing behavior, market clearing, and the evolution of the exogenous shocks to form a system that determines the equilibrium behavior of the home, foreign, and international variables. Part 4 of appendix B also shows how this system implies that in each country, real consumption and real investment inherit distinct stochastic trends from the nonstationary neutral and investmentspecific technology shocks, allowing real consumption and real investment to grow at different rates along the model's steady-state growth path. Since the technology shocks are cointegrated across countries, however, home and foreign consumption and home and foreign investment also form pairs of cointegrated variables and, as noted above, the particular scaling of the government spending variables introduced in (36) and (37) implies that government spending and consumption are cointegrated within each country.
The model therefore has implications for eight observable, stationary, variables: the growth rate of home consumption
the growth rate of home investment
the ratio of government spending to consumption in the home country,
hours worked L H t in the home country, the ratio of foreign to home consumption
the ratio of foreign to home investment
the ratio of government spending to consumption in the foreign country,
and hours worked L F t in the foreign country. When the equilibrium system is rewritten in terms of these stationary variables, again as described in part 4 of appendix B, it implies that in the absence of shocks, the global economy converges to a balanced growth path along which each stationary variable is constant. The system can therefore be log-linearized around the stationary variables' steady-state values to form a set of linear expectational difference equations that can be solved using methods outlined by Blanchard and Kahn (1980) and Klein (2000) .
Conveniently, the approximate solution obtained in this way takes the form of a statespace econometric model, linking the eight observable variables listed above to an unob-served state vector that includes each of the model's eight shocks. Hence, Kalman filtering algorithms described, for instance, by Hamilton (1994, Ch.13) can be used to estimate the model's structural parameters via maximum likelihood and to make inferences about the realizations of the observable shocks based on information contained in the observable data.
Empirical Strategy and Results
The empirical model has a large number of parameters, making it desirable to calibrate at least some of them, especially those for which a wide consensus on reasonable values exists; the estimation exercise can then focus all of its power on the remaining parameters, in particular those describing the magnitude of the labor and capital adjustment costs and, especially, the stochastic processes for the various shocks, about which much less is known.
For instance, Backus, Kehoe, and Kydland (1994) , Heathcote and Perri (2002) , Rabanal, Rubio-Ramirez, and Tuesta (2009), and Raffo (2009) all work with calibrated two-country models that set the discount factor β = 0.99, the risk aversion parameter γ = 2, the quarterly depreciation rate δ = 0.025, and capital's share parameter α = 0.36. These same parameter settings are also used here. Given these settings, the parameters η H and η F are set equal to the constant ratio of investment to capital in each country, so that as noted above, the levels of the capital adjustment costs equal zero along the model's steady-state growth path.
Meanwhile, as also noted above, the small but positive setting φ d = 0.001 guarantees that the model's steady-state growth path is unique.
More controversy surrounds settings for the trade parameters: the share parameter ω and, to an even greater extent, the parameter θ governing the elasticity of substitution between home and foreign intermediate goods in producing the final good. Backus, Kehoe, and Kydland (1994) propose the values ω = 0.15 and θ = 1.5. Heathcote and Perri (2002) continue to use ω = 0.15, but select a lower value of θ = 0.9. Raffo (2009) Finally, data limitations make it difficult if not impossible to meaningfully compare the levels of the series described in appendix A for real consumption, real investment, real government spending, and hours worked per-capita used to estimate the model. These problems become most acute for the case of the hours variable, since direct observations on hours are available for the US but not the EA, making it necessary to track movements in EA hours using data on employment instead. But, the numerous rebasings of the EA data that have occurred over the lifespan of the Area Wide Model data first complied by Fagan, Henry, and Mestre (2005) and the fact that the population figures used to compute per-capita variables refer to people ages 16 and over for the US but to people ages 15 through 64 for the EA strain cross-country comparisons between the levels of the other series as well.
Fortunately, given the large amount of symmetry that is embedded into the model specification already, these last difficulties can be sidestepped easily and conveniently by demeaning each of the observable series prior to estimation and choosing common values for the constant terms µ H and µ F in the laws of motion (30) and (31) for the preference shocks and g H and g F in the laws of motion (36) and (37) for the government spending shocks that simply finish the job of making the model describe two completely symmetric economies.
In particular, setting µ H = µ F = 0.45 implies that the representative consumers in both countries spend 1/3 of their time working along the steady-state growth path, matching an assumption that is commonly made in the real business cycle literature. And setting
.20 makes the steady-state ratio of real government spending to real consumption equal to 0.32, or 32 percent, in both economies, roughly matching the facts that in the sample of data themselves, government spending has averaged 31 percent of private consumption in the US and 34 percent of private consumption in the EA. Table 1 reports estimates of the model's remaining parameters, numbering 22 or 23 depending on whether θ gets estimated or calibrated, obtained via maximum likelihood using quarterly readings, 1970:1-2007:4, on the eight observables selected above to reflect the multiple stochastic trends that appear in and are shared by the endogenous variables in theory: the growth rates of real consumption and investment per capita in the US, the ratio of real government spending to real consumption in the US, hours worked per capita in the US, the ratio of real consumption per capita in the EA to real consumption per capita in the US, the ratio of real investment per capita in the EA to real investment per capita in the US, the ratio of real government spending to real consumption in the EA, and hours worked per capita in the EA. To help guarantee that the numerical procedure used to find these estimates does indeed pick out the set that corresponds to the global maximum of the log likelihood function, an algorithm similar to the one proposed by Canova and Menz (2009) is employed, according to which 2500 sets of randomly-chosen starting values are used to initialize the search; the estimates reported in table 1 correspond to the set of parameters yielding the highest value for the log-likelihood across these 2500 trials.
The standard errors, also reported in table 1, come from a bootstrapping procedure like that described by Efron and Tibshirani (1993, Ch.6), according to which the estimated model gets used to generate 1000 artificial samples of data on the same series found originally in the actual data; these artificial series then get used to re-estimate the model 1000 times, and the standard errors get computed as the standard deviations of the parameter estimates taken across these 1000 replications. Conveniently and by construction, therefore, this bootstrapping procedure accounts for the finite-sample properties of the maximum likelihood estimates as well as the constraints, like those that require the autoregressive parameters from (30)- (37) to lie between zero and one, that are imposed during estimation and thereby prevent even the large-sample distributions of these estimators from having more conventional, normal distributions. The bootstrapping procedure also avoids the numerical instabilities that almost inevitably plague efforts to compute and then invert the matrix of second derivatives of the log-likelihood function that could otherwise be used to measure the asymptotic standard errors of the estimated parameters.
More specifically, table 1 reports four sets of estimates, covering the case in which θ gets included on the list of estimated parameters and the alternative cases in which θ gets calibrated using the three different settings, θ = 1.5, θ = 0.9, and θ = 0.75, mentioned should be read as indicating that virtually all of the bootstrapped replications also pushed the values for these parameters towards unity. Evidently, the data strongly prefer versions of the model in which the preference and government-spending shocks are highly persistent in both countries; below, this feature of the estimated model will be shown to have important implications for the effects of these shocks on the euro-dollar real exchange rate.
Again looking across all four versions of the estimated model, both the US and EA neutral technology shocks and the US investment-specific technology shocks are estimated to have growth rates with only modest amounts of persistence. By contrast, the EA investmentspecific shock, though much less volatile than all of the other disturbances on a quarter-toquarter basis given the very small estimates of its innovation standard deviation σ F v , appears to be extremely persistent, driven by a process that comes close to having a second unit root that would make it nonstationary even in first differences.
All of these properties of the maximum likelihood estimates help shape the results that are displayed in the additional figures and tables discussed below. And since these same basic properties are shared by all four sets of estimates shown in table 1, none of the additional results presented and discussed below depends sensitively on the specific setting for the elasticity of substitution parameter θ. Accordingly, the remaining figures and tables focus on the best-fitting version of the model that sets this parameter equal to its estimated value of θ = 1.0590, not far from the value θ = 1 that applies when the general CES specifications (11) and (14) take the more specific, Cobb-Douglas form and also not too far from the calibrated setting θ = 0.9 suggested by Heathcote and Perri (2002) . Along these same lines, however, it should also be noted that the value of the maximized log-likelihood falls more sharply moving from the estimated value of θ = 1.0590 to the smaller value of θ = 0.75 than it does moving from θ = 1.0590 to the larger value of θ = 1.5. And, indeed, further computational experimentation revealed that this deterioration in fit becomes even more pronounced when values of θ below 0.75 are considered. Tables 2 and 3 Figures 8 and 9 strike to the heart of these issues by plotting out the model-based estimates of the otherwise unobservable neutral and investment-specific productivity variables
, constructed on the basis of full-sample information using the Kalman smoothing algorithms described by Hamilton (1994, Ch.13 ) and generalized by Kohn and Ansley (1983) to deal with cases like this one, where the covariance matrix of the model's unobserved state vector turns out to be singular. The solid lines in these graphs confirm that the broad characterization of post-World War II US macroeconomic history provided by Ireland and Schuh's (2008) closed-economy analysis is robust to the consideration of international data. In particular, figure 8 suggests that the productivity slowdown experienced in the US during the 1970s reflects, above all else, a complete lack of neutral technological progress over a period that extends from the beginning of the sample period in 1970 through the early 1980s. Meanwhile, figure 9 attributes the more recent productivity revival that accompanied the long economic expansion of the 1990s in the US to rapid investment-specific technological change that, in retrospect, appears more like a one-time permanent shift in the level of V H t than a persistent shift in the growth rate of V H t .
The dashed lines in figure 8 and 9, however, tell a very different story for postwar Europe.
According to figure 8, neutral productivity growth actually proceeded at an unusually rapid pace in Europe during the 1970s, even as it was stalled out in the US. Instead, Europe's productivity problems appear concentrated in the investment-specific sector, with the EA experiencing little if any positive spillover from the US, even during the boom of the 1990s.
Through results like these on the relative importance of neutral versus investment-specific technology shocks might also have been derived from a less highly-structured time series model -perhaps a two-country version of Fisher's (2006) vector autoregressions -a distinct advantage to working with the fully-specified DSGE model used here stems from the fact that the theory has implications for the behavior of variables beyond the narrow set used in the estimation exercise itself. A great deal of previous work on international business cycles, for instance, focuses on the behavior of the real exchange rate, and additional results generated by the stochastic growth model estimated here can be used to draw further connections to that literature.
Finn (1999) and Raffo (2009) , for instance, introduce stationary investment-specific technology shocks into two-country real business cycle models, emphasizing a key distinction between the effects of these shocks and the effects of neutral technology shocks. Neutral technology shocks work, in particular, to directly increase the amount of output that can be produced with an existing set of inputs. Thus, they act like "pure supply-side" disturbances: a positive shock leads to an immediate depreciation of the real exchange rate.
Investment-specific technology shocks, by contrast, can only be exploited through new capital accumulation. In the short run, therefore, a positive investment-specific technology shock contains an additional "demand-side" component that can potentially appreciate the real exchange rate instead.
Figure 10 confirms that these dynamics also appear in the model estimated here with θ = 1.0590. In the model, the real exchange rate is defined as shown in (21), so that an increase in this variable corresponds to a depreciation of the euro-US dollar real exchange rate. The graphs confirm that different shocks set off different responses that often convolute aggregate demand and aggregate supply in interesting ways. As shown earlier in figure 3 , the preference shocks in this model impact directly on labor supply as well as on consumption and investment; in figure 7, the supply-side effect dominates, so that a positive shock in the US depreciates the real exchange rate. Similarly, and perhaps even more surprisingly, the government spending shocks also generate effects on labor supply that are large enough to reverse the usual logic: here, a positive innovation to US government spending causes the real exchange rate to depreciate. This effect depends critically, however, on the very high degree of persistence attributed to government spending shocks in the estimated model: if the autoregressive parameters ρ and Tesar (1995) , and how a model with nonstationary but cointegrated technology shocks can add to the counterfactually low volatility of the real exchange rate by models like those studied by Heathcote and Perri (2002) , in which technology shocks are stationary.
The model developed here contains all of the extra features from Raffo (2009) 
Conclusion
Macroeconomic data from the United States and Euro Area economies often behave quite differently, even when summarized in terms of their most basic properties. Perhaps most significantly, while over much of the post-World War II period, real investment has grown at a consistently faster rate than real consumption in the US, exactly the opposite turns out to be true for the EA.
This paper interprets these differential trends using a two-country stochastic growth that uses the idea of nonstationary but cointegrated neutral and investment-specific technology shocks to formalize the idea that while productivity levels may converge across economies in the very long run, there can also be highly persistent departures from the steady-state growth path lasting for decades or more. When estimated with US and EA data on real consumption, investment, government spending, and hours worked, using an empirical strategy that exploits the fact that these data may contain, and to some extent share, multiple stochastic trends, this model confirms the popular suspicion that the EA largely missed out on the rapid investment-specific technological change that fueled the extended boom in the US economy during the 1990s. The estimated model provides some surprises as well, however, by suggesting that the EA economy experienced unusually rapid neutral technological change even as the US was experiencing a decade of stagnation during the 1970s.
The stochastic growth model that is estimated here also has implications for the behavior of the real exchange rate. And, indeed, results obtained with this estimated model show that a model with multiple technological and non-technological shocks, all of which are highly persistent, can easily account for the observed degree of volatility in the euro-US dollar real exchange rate. Some progress, though not nearly as much, is made by the same model towards resolving the Backus-Smith (1993) puzzle, associated with the near zero correlation between relative to consumptions and the real exchange rate in the data versus the much high correlation implied by standard international real business cycle models. Digging deeper into these issues, and making more progress towards resolving the long-standing puzzles associated with real exchange rate behavior, awaits future research.
Likewise, exercises that make at least some attempt to look into the more fundamental determinants of the strikingly different productivity trends seen in the the US and the EA would obviously be quite useful and informative, as this study, following in the tradition set by the neoclassical growth model and its real business cycle extensions, takes the evolution of technologies as exogenous. More modest extensions that apply the same methodology used here to look at data from economies beyond the US and EA could well prove useful, too. with base year 1995 and again converted to per-capita terms using the population measure just described. Since the AWM dataset lacks a series with direct observations on hours work, the series for total employment, again expressed in per-capita terms using the OECD population figures, must be used instead. The real exchange rate series described in table 4 is computed by taking the EA harmonized index of consumer prices series provided in the AWM dataset, dividing by the US CPI series referred to above, and dividing again by the nominal euro-per-US dollar exchange rate series provided in the AWM dataset. Again, all series, except for the population and nominal exchange rate data, are seasonally adjusted;
and all series are quarterly, except for the annual population data which are converted to quarterly terms through interpolation as noted above.
Most 6 Appendix B: Equilibrium Conditions
Consumers
The representative home consumer chooses C
and (2) and (3) with equality for all t = 0, 1, 2, ....
Symmetrically, the representative foreign consumer chooses C for all t = 0, 1, 2, ... to maximize the utility function (4) subject to the budget constraint (5) and the capital accumulation constraint (6), both of which must hold for all t = 0, 1, 2, ....
When Λ
F t and Ξ F t are used to denote the Lagrange multipliers on the period-t budget and capital accumulation constraints, the first-order conditions for this problem can be written
[
and (5) and (6) with equality for all t = 0, 1, 2, .... 
Intermediate Goods-Producing Firms
(
and (7) with equality for all t = 0, 1, 2, ....
Symmetrically, the representative foreign intermediate goods-producing firm chooses
, and L F t during each period t = 0, 1, 2, ... to maximize its profits shown in (10) subject to the technological constraint (9). The first-order conditions for this problem can be written
and (9) with equality for all t = 0, 1, 2, .... (12), subject to the technological constraint (11). Taking into account that (13) must hold in any equilibrium in which both consumption and investment goods get produced in the home country, the first-order conditions for this problem can be written as
The representative home final goods-producing firm choosesC
and (11) with equality for all t = 0, 1, 2, .... . Taking into account that (16) must hold in any equilibrium in which both consumption and investment goods get produced in the foreign country, the first-order conditions for this problem can be written as
Symmetrically, the representative foreign final goods-producing firm choosesC
and (14) with equality for all t = 0, 1, 2, ....
Equilibrium System
Taken together, (2), (3), (5)- (7), (9), (11), (13), (14), (16) 
Now use (17), (18), (29), and (54)- (57) to rewrite this last expression as
Now use (13), (16), and (25)-(28) to simplify this last expression to
Finally, use (11), (14), and (58)-(61) to rewrite this last expression as
Hence, if (23) and all of the other equilibrium conditions hold, then (24) must hold as well.
On the other hand, since all prices have thus far been measured in an abstract unit of account, a choice of numeraire such as
provides another equilibrium condition.
Collecting (2), (3), (5)- (7), (9), (11), (13), (14), (16)- (23), (25)- (37), and (44)- (62), therefore, provides a system of 49 equations that determines the equilibrium behavior of 49 variables: the 22 home variables C and the five international variables R t , P A t , P B t , RER t , and T OT t . Inspection of this system reveals that while many of these variables inherit unit roots from the nonstationary neutral and investment-specific productivity shocks, appropriately-transformed versions of these variables remain stationary.
In particular, (2), (3), (5)- (7), (9), (11), (13), (14), (16)- (23), (25)- (37), and (44)- (62) can be rewritten in terms of the 22 scaled home variables c 
D. EA Hours Worked
Quarters Ahead ε Notes: Panel A reports the standard deviation of the log of the euro-dollar real exchange rate and the correlation between the log of the euro-dollar real exchange rate and the log ratio of US to EA consumption in the data and as implied by the model under different settings for θ. Panel B decomposes the forecast error variance in the log of the euro-dollar real exchange rate into percentages attributable to the US (home) and EA (foreign) preference shocks ε Response to EA Government Spending Shock
